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An elastoplastic multi-level damage model considering evolutionary weakened interface is developed in this work to
predict the eﬀective elastoplastic behavior and multi-level damage evolution in particle reinforced ductile matrix compos-
ites (PRDMCs). The elastoplastic multi-level damage model is micromechanically derived on the basis of the ensemble-vol-
ume averaging procedure and the ﬁrst-order eﬀects of eigenstrains. The Eshelby’s tensor for an ellipsoidal inclusion with
slightly weakened interface [Qu, J., 1993a. Eshelby tensor for an elastic inclusion with slightly weakened interfaces. Journal
of Applied Mechanics 60 (4), 1048–1050; Qu, J., 1993b. The eﬀect of slightly weakened interfaces on the overall elastic
properties of composite materials. Mechanics of Materials, 14, 269–281] is adopted to model particles having mildly or
severely weakened interface, and a multi-level damage model [Lee, H.K., Pyo, S.H., in press. Multi-level modeling of eﬀec-
tive elastic behavior and progressive weakened interface in particulate composites. Composites Science and Technology] in
accordance with the Weibull’s probabilistic function is employed to describe the sequential, progressive weakened interface
in the composites. Numerical examples corresponding to uniaxial, biaxial and triaxial tension loadings are solved to illus-
trate the potential of the proposed micromechanical framework. A series of parametric analysis are carried out to inves-
tigate the inﬂuence of model parameters on the progression of weakened interface in the composites. Furthermore, the
present prediction is compared with available experimental data in the literature to verify the proposed elastoplastic
multi-level damage model.
 2007 Elsevier Ltd. All rights reserved.
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Ductile matrix composites (e.g., metal matrix composites, MMCs) reinforced with various shapes of par-
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high ductile metals or alloys to produce enhanced mechanical properties of the composite over metal or alloys
(Ravi et al., 2007).
Particle or ﬁber reinforced ductile matrix composites are in general subjected to a number of damage modes
on the microscale (Drabek and Bohm, 2004). Debonding phenomenon existed in between particles and the
matrix is one of the major damage modes in particle reinforced ductile matrix composites (PRDMCs) and
its eﬀect on the mechanical behavior of the composites has to be well addressed for an accurate analysis of
the composites (Lee and Pyo, in press). Ju and Chen (1994c) developed a micromechanical formulation to pre-
dict the eﬀective elastoplastic behavior of two-phase PRDMCs under arbitrary loading histories by consider-
ing the ﬁrst-order stress perturbations of elastic particles on the ductile matrix. Ju and Tseng (1996, 1997)
further improved Ju and Chen’s (1994c) work by incorporating second-order stress perturbations due to pair-
wise particle interactions.
Qu (1993a,b) derived the Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface
in an elastic matrix of inﬁnite extent where the weakened interface between the inclusion and the matrix
was modeled by a spring layer of vanishing thickness. Lee and Pyo (2007) proposed a micromechanics-
based elastic damage model to predict the eﬀective elastic behavior and weakened interface evolution
in particle composites. The Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface
(Qu, 1993a,b) was adopted in their formulations to model the weakened interface. Most recently, Lee
and Pyo (in press) proposed a multi-level elastic damage model based on a combination of a microme-
chanical formulation and a multi-level damage model to predict the eﬀective elastic behavior and progres-
sive weakened interface in particulate (brittle) composites. Their multi-level damage model in accordance
with the Weibull’s probabilistic function described the sequential, progressive weakened interface in the
composites.
The primary objective of the present work is the extension of the framework of Lee and Pyo (in press) to
accommodate the elastoplastic behavior and multi-level damage evolution in PRDMCs. Following Lee and
Pyo (in press), the four-level elastic damage model, which was illustrated in Fig. 1 of Lee and Pyo (in press),
is adopted for a complete description of the sequential progression of weakened interface in the composite: (1)
Level 0 of two-phase composite state consisting of a ductile matrix and perfectly bonded particles; (2) Level 1
of three-phase composite state consisting of a ductile matrix, perfectly bonded particles and particles having
mildly weakened interface; (3) Level 2 of four-phase composite state consisting of a ductile matrix, perfectly
bonded particles, particles having mildly weakened interface and particles having severely weakened interface;
(4) Level 3 of ﬁve-phase composite state consisting of a ductile matrix, perfectly bonded particles, particles
having mildly weakened interface, particles having severely weakened interface and completely debonded
particles.
Since two diﬀerent damage modes of weakened interface (mildly weakened interface and severely weakened
interface) are assumed to occur sequentially (Lee and Pyo, in press), weakened interface would be developed
and transformed from one mode to another as deformations or loadings continue to increase. Accordingly,
there may be two diﬀerent modes of weakened interface (mildly weakened interface and severely weakened
interface) occurring simultaneously at the Level 2 of four-phase composite state. It will be followed by three
diﬀerent modes of weakened interface (mildly weakened interface, severely weakened interface and complete
debonding) occurring simultaneously at the Level 3 of ﬁve-phase composite state at the next step. The two-
parameter Weibull statistics is adopted to estimate the volume fraction of particles with diﬀerent modes of
weakened interface.
Particles are assumed to be non-interacting, randomly dispersed, elastic spheres that are initially embedded
ﬁrmly in the ductile matrix with perfect interfaces. It is also assumed that the progression of weakened inter-
face is governed by the average internal stresses of perfect bonded particles (Phase 1) as well as the Weibull
parameters (Weibull, 1951). Numerical examples corresponding to uniaxial, biaxial and triaxial tension load-
ings are solved to illustrate the potential of the proposed micromechanical framework. A series of parametric
analysis are carried out to investigate the inﬂuence of model parameters on the progression of weakened inter-
face in the composites. Furthermore, the present prediction is compared with available experimental data in
the literature to further illustrate the elastoplastic damage behavior of the present framework and to verify the
proposed elastoplastic multi-level damage model.
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weakened interfaces (Lee and Pyo, in press) is summarized in Section 2. An eﬀective yield criterion is micro-
mechanically constructed based on the ensemble-volume averaging procedure and the ﬁrst-order eﬀects of
eigenstrains due to the existence of spherical inclusions in Section 3. In Section 4, a multi-level damage model
(Lee and Pyo, in press) for progressive weakened interface in accordance with the Weibull’s probabilistic func-
tion is also recapitulated. In Section 5, the proposed elastoplastic multi-level damage formulation is applied to
the uniaxial, biaxial and triaxial loading conditions, and corresponding numerical simulations are illustrated.
A series of parametric analysis to address the inﬂuence of model parameters on the progressive weakened
interface in the composites are conducted in Section 6. Finally, the present prediction is compared with exper-
imental data (Papazian and Adler, 1990) in Section 7.
2. Recapitulation of the eﬀective stiﬀness tensor for composites with weakened interfaces
When small strain formulations are considered, the total macroscopic strain  of ductile matrix composites
can be decomposed into two parts according to the theory of continuum plasticity: ¼ e þ p ð1Þ
where e is the eﬀective (macroscopic) elastic strain and p signiﬁes the eﬀective (macroscopic) plastic strain of
the composites. In addition, the macroscopic elastic strain e is related with the macroscopic stress r via the
following constitutive relation:r ¼ C : e ð2Þ
where the eﬀective stiﬀness C* of ductile matrix composites with weakened interfaces were explicitly derived by
Lee and Pyo (in press) and are brieﬂy repeated here for completeness of the proposed model.
First, an initially perfectly bonded two-phase composite consisting of a ductile matrix (Phase 0) with bulk
modulus j0 and shear modulus l0, and randomly dispersed elastic spherical particles (Phase 1) with bulk mod-
ulus j1 and shear modulus l1. As loads or deformations continue to increase, some initially perfectly bonded
particles are transformed to particles with mildly weakened interface, some particles with mildly weakened
interface are then transformed to particles with severely weakened interface, and all particles are transformed
to completely debonded particles (voids) asymptotically. The Eshelby’s tensor for perfectly bonded spherical
particles and completely debonded spherical particles in the matrix was driven in Ju and Chen (1994a,b), and
the Eshelby’s tensor for a spherical particle with weakened interface in the matrix was driven in our preceding
work (Lee and Pyo, 2007, in press) following Qu (1993a,b).
With the help of the Eshelby’s tensors for perfectly bonded spherical particles, completely debonded spher-
ical particles, spherical particles with mildly weakened interface and spherical particles with severely weakened
interface, the eﬀective stiﬀness tensor C* for multi-level, ductile matrix composites was explicitly derived in our
previous work (Lee and Pyo, in press) based on the governing equations for linear elastic composites contain-
ing arbitrarily non-aligned and/or dissimilar inclusions (Ju and Chen, 1994a) asC ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð3Þ
where the eﬀective Lame constants k* and l* in Eq. (3) for the two-phase composite state (Level 0), three-
phase composite state (Level 1), and four-phase composite state (Level 2) were given in Eqs. (26) and (27);
(28) and (29); and (30) and (31), respectively, of Lee and Pyo (in press). In addition, the eﬀective Lame con-
stants k* and l* in Eq. (3) for the ﬁve-phase composite state (Level 3) can be expressed as (Lee and Pyo, in
press)k ¼ ð3k0 þ 2l0ÞðK1 þ K3 þ K5 þ K7Þ þ 2k0
1
2
þ K2 þ K4 þ K6 þ K8
 
ð4Þ
l ¼ 2l0
1
2
þ K2 þ K4 þ K6 þ K8
 
ð5Þwhere the components K1, . . . ,K8 were listed in Appendix of Lee and Pyo (in press).
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3.1. Overview
The homogenized elastoplastic damage responses of ductile matrix composites with weakened interfaces are
formulated in this section. Speciﬁcally, ﬁve-phase composites consisting of a ductile matrix (Phase 0), perfectly
bonded particles (Phase 1), particles having mildly weakened interface (Phase 2), particles having severely
weakened interface (Phase 3) and completely debonded particles (voids) (Phase 4) are considered. The von-
Mises yield criterion with isotropic hardening law is adopted here for the ductile matrix; thus, the stress r
and the equivalent plastic strain ep at any matrix point satisfy the following yield function (see, e.g., Ju and
Lee, 2000; Ju and Ko, in press):F ðr;epÞ ¼ HðrÞ  K2ðepÞ 6 0 ð6Þ
where K(ep) denotes the isotropic hardening function of the ductile matrix and H(r)  r:Id:r signiﬁes the
square of the deviatoric stress norm in which Id denotes the deviatoric part of the fourth-rank identity tensor.
Following the work of Ju and Chen (1994c), Ju and Lee (2000, 2001), Sun et al. (2003), Ju et al. (2006) and
Ju and Ko (in press), a micromechanical framework, where an ensemble-averaged yield criterion is con-
structed for the entire composite and only the ﬁrst-order eﬀects are considered in the formulation of eﬀective
plastic response, is employed.
3.2. A ﬁrst-order formulation of the current stress norm of multi-phase ductile matrix composites
Following Ju and Chen (1994c), Ju and Tseng (1996) and Ju and Lee (2000), the square of the ‘‘current
stress norm’’ at the local point x, which determines the plastic strain in ductile matrix composites for a given
phase conﬁguration D, can be written asHðxjDÞ ¼ rðxjDÞ : Id : rðxjDÞ; if x in the matrix;
0; otherwise:

ð7ÞThe ensemble average of HðxjDÞ over all possible realizations, denoted by hHim(x), can be obtained by inte-
grating H over all possible particle and void conﬁgurations (cf. Ju and Lee, 2000)hHimðxÞ ¼ Ho þ
Z
D1
fHðxjD1Þ  HogP ðD1ÞdDþ
Z
D2
fHðxjD2Þ  HogP ðD2Þ dD
þ
Z
D3
fHðxjD3Þ  HogPðD3Þ dDþ
Z
D4
fHðxjD4Þ  HogP ðD4Þ dD ð8Þwhere P ðDqÞ is the probability density function for ﬁnding the q-phase (q = 1, 2, 3, 4) conﬁguration Dq in the
composites and Ho = ro:Id:r
o is the square of the far-ﬁeld stress norm in the matrix.
Moreover, the total stress at any point x in the matrix can be decomposed into two parts: the far-ﬁeld stress
ro and the perturbed stress r 0 due to the presence of the particles and voids as:rðxÞ ¼ ro þ r0ðxÞ ð9Þ
with ro  C0: o where C0 denotes the fourth-rank elasticity tensor of the matrix and o is the elastic strain ﬁeld
induced by the far-ﬁeld loading. Following Ju and Chen (1994c) and Ju and Lee (2000), the perturbed stress
for any matrix point x due to a typical isolated q-phase inhomogeneity centered at xð1Þq readsr0ðxjxð1Þq Þ ¼ ½C0  Gðx xð1Þq Þ : oq ð10Þ
where oq is the solution of the eigenstrain 

q for the single inclusion problem of the q-phase, andGðr^qÞ ¼ 1
30ð1 m0Þ q
3
qH
1 þ q5qH2
 
ð11ÞThe components of H1 and H2 are given by
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H2ijklðr^qÞ  3 F^ijklð35; 5; 5; 5; 1; 1Þ ð13Þwhere r^q ¼ x xð1Þq , r^q  kr^qk, qq ¼ a=r^q, a is the radius of a spherical particle or void, and m0 is the Poisson’s
ratio of the matrix material. The components of the fourth-rank tensor F^—which depends on six scalar quan-
tities B1, B2, B3, B4, B5, B6—were previously deﬁned by Ju and Lee (2000):bF ijklðBmÞ  B1n^in^jn^k n^l þ B2ðdik n^jn^l þ diln^jn^k þ djkn^in^l þ djln^in^kÞ þ B3dijn^k n^l þ B4dkln^in^j
þ B5dijdkl þ B6ðdikdjl þ dildjkÞ ð14Þ
with the unit outer normal vector n^  r^q=r^q and index m = 1–6.
In addition, the noninteracting eigenstrain oq in Eq. (10) is given by (see, e.g., Ju and Chen, 1994a)oq ¼ ðAq þ SqÞ1 : o; q ¼ 1; 2; 3; 4 ð15Þ
where Sq is the Eshelby’s tensor for the q-phase inclusion and the fourth-rank tensor Aq is deﬁned as
Aq  (Cq  C0)1 Æ C0 in which Cq signiﬁes the elasticity tensor of the q-phase.3.3. A ﬁrst-order formulation of eﬀective elastoplastic behavior of multi-phase ductile matrix composites
Since a matrix point receives the perturbations from particles and voids, the ensemble-average stress norm
for any matrix point x can be evaluated by collecting and summing up all the current stress norm perturba-
tions produced by any typical particle or void centered at xð1Þq in the particle or void domains and averaging
over all possible locations of xð1Þq (cf. Ju and Lee, 2000). Accordingly, hHim(x) in Eq. (8) can be rephrased ashHimðxÞ ﬃ Ho þ
Z
jxxð1Þ
1
j>a
H xjxð1Þ1
 
 Ho
n o
P xð1Þ1
 
dxð1Þ1
þ
Z
jxxð1Þ
2
j>a
H xjxð1Þ2
 
 Ho
n o
P xð1Þ2
 
dxð1Þ2 þ
Z
jxxð1Þ
3
j>a
H xjxð1Þ3
 
 Ho
n o
P xð1Þ3
 
dxð1Þ3
þ
Z
jxxð1Þ
4
j>a
H xjxð1Þ4
 
 Ho
n o
P xð1Þ4
 
dxð1Þ4 þ . . . ð16Þwhere P xð1Þq
 
signiﬁes the probability density functions for ﬁnding a particle or a void centered at xð1Þq . It is
assumed that the probability density functions take the form P ðxð1Þq Þ ¼ NqV , where Nq is the total numbers of
particles or voids dispersed in a representative volume V. Further, Eq. (16) can be recast into a more simpliﬁed
form:hHimðxÞ ﬃ Ho þ
N 1
V
Z
r^1>a
dr^1
Z
Aðr^1Þ
fHðr^1Þ  HogdAþ N 2V
Z
r^2>a
dr^2
Z
Aðr^2Þ
fH ð^r2Þ  HogdA
þ N 3
V
Z
r^3>a
dr^3
Z
Aðr^3Þ
fHðr^3Þ  HogdAþ N 4V
Z
r^4>a
dr^4
Z
Aðr^4Þ
fHðr^4Þ  HogdAþ . . . ð17Þwhere Aðr^qÞ is a spherical surface of radius r^q (q = 1, 2, 3, 4).
Using the two identities Eqs. (28) and (29) in Ju and Chen (1994c) and the perturbed stress given in Eq. (10),
the ensemble-averaged current stress norm at any matrix point can be obtained as:hHimðxÞ ¼ ro : TðqÞ : ro ð18Þ
The components of the positive deﬁnite fourth-rank tensor T(q) for the ‘‘q’’-phase composite state readT ðqÞijkl ¼ T ðqÞ1 dijdkl þ T ðqÞ2 ðdikdjl þ dildjkÞ ð19Þ
where T ð5Þ1 and T
ð5Þ
2 for the ﬁve-phase composite state are given by
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/1
ð3x1 þ 2w1Þ2
þ 80
2a2ð1 m0Þ2/2
ð3x2 þ 2w2Þ2
þ 80
2a2ð1 m0Þ2/3
ð3x3 þ 2w3Þ2
þ /4ð3x4 þ 2w4Þ2
" #
ð20Þ
T ð5Þ2 ¼
1
2
þ ð23 50m0 þ 35m20Þ
/1
4w21
þ 40
2a2ð1 m0Þ2/2
w22
þ 40
2a2ð1 m0Þ2/3
w23
þ /4
4w24
" #
ð21Þwhere the volume fraction for the q-phase is deﬁned as /q  4pa33 NqV , and the parameters x1, . . . ,x4 and
w1, . . . ,w4 are listed in Appendix.
Similarly, T ð2Þ1 and T
ð2Þ
2 , T
ð3Þ
1 and T
ð3Þ
2 , T
ð4Þ
1 and T
ð4Þ
2 for the two-, three-, four-phase composite states, respec-
tively, read:3T ð2Þ1 þ 2T ð2Þ2 ¼ 50ð1 2m0Þ2
/1
ð3x1 þ 2w1Þ2
ð22Þ
T ð2Þ2 ¼
1
2
þ ð23 50m0 þ 35m20Þ
/1
4w21
ð23Þ
3T ð3Þ1 þ 2T ð3Þ2 ¼ 50ð1 2m0Þ2
/1
ð3x1 þ 2w1Þ2
þ 80
2a2ð1 m0Þ2/2
ð3x2 þ 2w2Þ2
" #
ð24Þ
T ð3Þ2 ¼
1
2
þ ð23 50m0 þ 35m20Þ
/1
4w21
þ 40
2a2ð1 m0Þ2/2
w22
" #
ð25Þ
3T ð4Þ1 þ 2T ð4Þ2 ¼ 50ð1 2m0Þ2
/1
ð3x1 þ 2w1Þ2
þ 80
2a2ð1 m0Þ2/2
ð3x2 þ 2w2Þ2
þ 80
2a2ð1 m0Þ2/3
ð3x3 þ 2w3Þ2
" #
ð26Þ
T ð4Þ2 ¼
1
2
þ ð23 50m0 þ 35m20Þ
/1
4w21
þ 40
2a2ð1 m0Þ2/2
w22
þ 40
2a2ð1 m0Þ2/3
w23
" #
ð27ÞFollowing Ju and Chen (1994c), the relation between the far-ﬁeld stress ro and the macroscopic stress r
takes the formro ¼ PðqÞ : r ð28Þ
where the components of P(q) for the ‘‘q’’-phase composite state areP ðqÞijkl ¼ P ðqÞ1 dijdkl þ P ðqÞ2 ðdikdjl þ dildjkÞ ð29Þ
with3P ðqÞ1 þ 2P ðqÞ2 ¼
1
1þ gðqÞ1
ð30Þ
P ðqÞ2 ¼
1
2 1þ gðqÞ2
  ð31Þand the coeﬃcients gð5Þ1 and g
ð5Þ
2 for the ﬁve-phase composite state read:gð5Þ1 ¼
10/1ð1 2m0Þ
3x1 þ 2w1
þ /2f3v1  2v2 þ 1200að1 m0Þ
2g
3x2 þ 2w2
þ /3f3v3  2v4 þ 1200að1 m0Þ
2g
3x3 þ 2w3
þ 10/4ð1 2m0Þ
3x4 þ 2w4
ð32Þ
gð5Þ2 ¼
/1ð7 5m0Þ
2w1
þ /2f600að1 m0Þ
2  v2g
w2
þ /3f600að1 m0Þ
2  v4g
w3
þ /4ð7 5m0Þ
2w4
ð33Þ
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ð2Þ
1 and g
ð2Þ
2 , g
ð3Þ
1 and g
ð3Þ
2 , g
ð4Þ
1
and gð4Þ2 for the two-, three-, four-phase composite states, respectively, read:gð2Þ1 ¼
10/1ð1 2m0Þ
3x1 þ 2w1
ð34Þ
gð2Þ2 ¼
/1ð7 5m0Þ
2w1
ð35Þ
gð3Þ1 ¼
10/1ð1 2m0Þ
3x1 þ 2w1
þ /2f3v1  2v2 þ 1200að1 m0Þ
2g
3x2 þ 2w2
ð36Þ
gð3Þ2 ¼
/1ð7 5m0Þ
2w1
þ /2f600að1 m0Þ
2  v2g
w2
ð37Þ
gð4Þ1 ¼
10/1ð1 2m0Þ
3x1 þ 2w1
þ /2f3v1  2v2 þ 1200að1 m0Þ
2g
3x2 þ 2w2
þ /3f3v3  2v4 þ 1200að1 m0Þ
2g
3x3 þ 2w3
ð38Þ
gð4Þ2 ¼
/1ð7 5m0Þ
2w1
þ /2f600að1 m0Þ
2  v2g
w2
þ /3f600að1 m0Þ
2  v4g
w3
ð39ÞBy combining Eqs. (18) and (28), the ensemble-averaged current stress norm in a matrix point can be
rephrased as:hHimðxÞ ¼ r : TðqÞ : r ð40Þ
where the positive deﬁnite fourth-rank tensor TðqÞ for the ‘‘q’’-phase composite state is deﬁned asTðqÞ  ½PðqÞT  TðqÞ  PðqÞ ð41Þ
and can be shown to beT ðqÞijkl ¼ T ðqÞ1 dijdkl þ T ðqÞ2 ðdikdjl þ dildjkÞ; ð42Þ
where3T ðqÞ1 þ 2T ðqÞ2 ¼
3T ðqÞ1 þ 2T ðqÞ2
1þ gðqÞ1
 2 ð43Þ
T ðqÞ2 ¼
T ðqÞ2
1þ gðqÞ2
 2 ð44ÞFollowing Ju and Lee (2000), the eﬀective yield function for the multi-phase ductile matrix composites can
be proposed asF ¼ ð1 /1Þ2r : T : r K2ðepÞ ð45Þ
where /1 is the current (perfectly bonded) particle volume fraction. The eﬀective equivalent plastic strain rate
for the composites is deﬁned as (Ju and Lee, 2000)_ep 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_p : T1 : _p
r
¼ 2ð1 /1Þ2 _k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
r : T : r
r
ð46Þin which _k denotes the plastic consistency parameter. The _k together with the yield function F must obey the
Kuhn-Tucker loading/unloading conditions. In our derivations, the simple power-law type isotropic hardening
function is employed (see also Ju and Lee, 2000):KðepÞ ¼
ﬃﬃﬃ
2
3
r
fry þ hðepÞqg ð47Þ
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eters, respectively, for the multi-phase composites.4. Multi-level damage modeling
A four-level damage model developed by Lee and Pyo (in press) in the order of sequence of progressive
weakened interface as illustrated in Fig. 1 of Lee and Pyo (in press) is employed here to model the
sequential, progressive weakened interface in ductile matrix composites. The model is brieﬂy recapitulated
in this section.
Following Tohgo and Weng (1994) and Zhao and Weng (1995, 1996, 1997), the probability of weakened
interface is modeled as a two-parameter Weibull process and the average internal stresses of perfect bonded
particles (Phase 1) are the controlling factor of the Weibull function. Assuming that (1) the Weibull (1951)
statistics governs and (2) some initially perfectly bonded particles are transformed to particles with mildly
weakened interface, some particles with mildly weakened interface are then transformed to particles with
severely weakened interface, and all particles are transformed to completely debonded particles (voids)
asymptotically, the current volume fractions of completely debonded particles /4, particles having severely
weakened interface /3, particles having mildly weakened interface /2 and perfectly bonded particles /1 in
the ﬁve-phase composite at a given level of ðr11Þ1 can be derived through the following three-step Weibull
approach/2 ¼ / 1 exp  ðr11Þ1S0
 M" #( )
ð48Þ
/3 ¼ /2 1 exp  ðr11Þ1S0
 M" #( )
ð49Þ
/4 ¼ /3 1 exp 
ðr11Þ1
S0
 M" #( )
ð50Þ
/3 ¼ /3  /4 ð51Þ
/2 ¼ /2  /3 ð52Þ
/1 ¼ / /2 ð53Þwhere / is the original particle volume fraction, ðr11Þ1 is the internal stress of particles (Phase 1) in the 1-direc-
tion, the subscript (Æ)1 denotes the particle phase, and S0 and M are the Weibull parameters. For the biaxial
and triaxial loading cases, ðr11Þ1 is replaced by ½ðr22Þ1 þ ðr33Þ1=2 and ½ðr11Þ1 þ ðr22Þ1 þ ðr33Þ1=3, respectively
(see also Ju and Lee, 2000).
The internal stresses of particles required for the initiation of the weakened interface for the multi-phase
composite state were explicitly given by (Lee and Pyo, in press)r1  U :  ð54Þ
withUijkl ¼ U 1dijdkl þ U 2ðdikdjl þ dildjkÞ ð55Þ
where U1 and U2 for the ﬁve-phase composite state in Eq. (55) can be expressed as (Lee and Pyo, in press)U 1 ¼ ð1 2n2  2n4  2n6  2n8Þfn1ð3k1 þ 2l1Þ þ k1ð/1  2n2Þg þ 2l1ðn1 þ n3 þ n5 þ n7Þð/1  2n2Þ/1ð1 2n2  2n4  2n6  2n8Þð1 3n1  2n2  3n3  2n4  3n5  2n6  3n7  2n8Þ
ð56Þ
U 2 ¼ l1ð/1  2n2Þ/1ð1 2n2  2n4  2n6  2n8Þ
ð57Þ
1622 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 45 (2008) 1614–1631where the components n1, . . . ,n8 were listed in Appendix of Lee and Pyo (in press). The damage modeling for
the three-phase and four-phase composite states can also be found in Lee and Pyo (in press).5. Numerical simulations
To show the potential of the proposed micromechanical framework, we ﬁrst predict the behavior of silicon-
carbide particle reinforced 6061-T6 aluminum alloy matrix composites under uniaxial tension loading (r11 6¼ 0
and rij ¼ 0 for all other stress components). The elastic properties of the composites are adopted according to
Zhao and Weng (1995), Ju and Lee (2001) and Lee and Pyo (2007) as: E0 = 68.3 GPa, m0 = 0.33,
E1 = 490 GPa, m1 = 0.17, / = 0.2. Following the parametric analysis on the compliance parameters a and b
reported in preceding papers (Lee and Pyo, 2007, in press), the compliance parameters of the mildly weakened
interface, denoted by a1 and b1, and the severely weakened interface, denoted by a2 and b2, in Eq. (6) of Lee
and Pyo (in press) are chosen to be a1 = 2.0 · 105, b1 = 3.0 · 105; a2 = 2.0, b2 = 3.0. Moreover, the plastic
parameters and Weibull parameters are assumed to be ry = 400 MPa, h = 220 MPa, q ¼ 0:45; S0 = 380 MPa,
M = 5.
Four diﬀerent phase composite states as illustrated in Fig. 1 of Lee and Pyo (in press) are considered in this
simulation to examine the eﬀect of the level of damage on the elastoplastic stress–strain response of the com-
posites. The present predicted elastoplastic stress–strain responses of the particulate composites under uniaxial
tension considering the four diﬀerent phase composite states are plotted in Fig. 1. Fig. 2 exhibits the predicted
evolution of volume fractions of perfectly bonded particles and particles with mildly weakened interface of the
composites at the three-phase composite state versus uniaxial strains, which is corresponding to Fig. 1. The
predicted evolution of volume fractions of perfectly bonded particles and various types of damaged particles
at the four- and ﬁve-phase composite states versus uniaxial strains corresponding to Fig. 1 are exhibited in
Figs. 3 and 4, respectively.
In Figs. 1–4, the elastoplastic stress–strain responses corresponding to various phase composite states are
shown to be bounded by the responses of the two- and ﬁve-phase composite states. It is observed that the
responses with the higher phase composite states are lower than those with the lower phase composite states.0
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Fig. 1. The present predicted elastoplastic stress–strain responses of particulate composites under uniaxial tension.
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Fig. 2. The predicted evolution of volume fractions of perfectly bonded particles and particles with mildly weakened interface of the
composites at the three-phase composite state corresponding to Fig. 1.
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Fig. 3. The predicted evolution of volume fractions of perfectly bonded particles, particles with mildly weakened interface and particles
with severely weakened interface of the composites at the four-phase composite state corresponding to Fig. 1.
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the perfectly debonded interface occurs within the present framework.
In the present numerical simulations corresponding to Figs. 2–4, the lower value of the Weibull parameters,
which relates to the interfacial strength, (S0 = 380 MPa and M = 5.0) is used to clearly show the eﬀect of
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Fig. 4. The predicted evolution of volume fractions of perfectly bonded particles, particles with mildly weakened interface, particles with
severely weakened interface and completely debonded particles of the composites at the ﬁve-phase composite state corresponding to Fig. 1.
1624 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 45 (2008) 1614–1631weakened interface on the stress–strain behavior of weakened particulate composites. Experimental character-
ization of the parameters is, however, required for more accurate prediction of weakened interface evolution.
Details of the relationship between the parameter and interfacial strength can be found in Lee (2001).
The proposed multi-level elastic damage model is further exercised to predict the behavior of the compos-
ites under biaxial tension (r22 ¼ r33 6¼ 0 and rij ¼ 0 for all other components) and triaxial tension0
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Fig. 5. The present predicted elastoplastic stress–strain responses of particulate composites under biaxial tension.
00.05
0.1
0.15
0.2
0.000 0.002 0.004 0.006 0.008 0.010
Strain [ε22(=ε33)] 
Pa
rti
cl
e 
V
ol
um
e 
Fr
ac
tio
n 
perfectly bonded (3-phase)
mildly weakened (3-phase)
perfectly bonded (4-phase)
mildly weakened (4-phase)
severely weakened (4-phase)
perfectly bonded (5-phase)
mildly weakened (5-phase)
severely weakened (5-phase)
completely debonded (5-phase)
Fig. 6. The predicted evolution of volume fractions of perfectly bonded particles and various types of damaged particles corresponding to
Fig. 5.
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chosen to be 0.6 for the axisymmetric triaxial tension in this simulation. The predicted stress–strain responses
of the composites considering the four diﬀerent phase composite states under biaxial tension and triaxial ten-
sion loading cases are exhibited in Figs. 5 and Fig. 7, respectively. The predicted evolution of volume fractions
of perfectly bonded particles and various types of damaged particles under biaxial tension loading correspond-0
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Fig. 7. The present predicted stress–strain responses of particulate composites under triaxial tension (C = 0.6).
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1626 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 45 (2008) 1614–1631ing to Fig. 5 are shown in Fig. 6. Fig. 8 exhibits the predicted evolution of volume fractions of perfectly
bonded particles and various types of damaged particles under triaxial tension loading corresponding to0
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behavior, which corresponds to ﬁndings from Ju and Lee’s (2000) and Lee and Pyo’s (2007) observations.
6. Parametric analysis
A series of parametric analysis are conducted to examine the inﬂuence of the Weibull parameters S0 andM
and the compliance parameters a and b on the elastoplastic behavior and progression of weakened interface in
PRDMCs. First, following Lee’s (2001) investigation on the Weibull parameters, three sets of Weibull param-
eters that are closely related to the strength at the particle-matrix interface in the PRDMCs are used:
S0 = 1.09 * ry, M = 5; S0 = 2.18 * ry, M = 5; S0 = 3.27 * ry, M = 5. For simplicity, a uniaxial tensile simula-
tion is conducted using the same elastic properties as used in Section 5. The compliance parameters and the
plastic parameters are assume to be a1 = 2.0 · 105, b1 = 3.0 · 105, a2 = 2.0, b2 = 3.0; ry = 250 MPa,
h = 220 MPa, q ¼ 0:45.
Fig. 9 shows the predicted elastoplastic stress–strain responses of the PRDMCs under uniaxial tension
at the four-phase composite state with various S0 values. It is clear from the ﬁgure that higher interfa-
cial strength parameter S0 leads to higher elastoplastic stress–strain response. It is also found from this
parametric analysis that the inﬂuence of the Weibull parameter S0 on the elastoplastic response is quite
inﬂuential. Thus, the Weibull parameter S0 needs to be experimentally characterized via the measurement
of the interfacial strength of PRDMCs. The methodology for determining model parameters including
the Weibull parameters can be found in our preceding work (Lee and Pyo, in press). A parametric anal-
ysis conducted to determine lower and upper limits of the Weibull parameters can also be found in Lee
(2001).
To evaluate the proposed elastoplastic multi-level damage model sensitivity to the compliance parameters a
and b, a parametric analysis of a and b is also carried out. Following Lee and Pyo (in press), four sets of the
compliance parameters for the severely weakened interface are used: a2 = 2.0, b2 = 3.0; a2 = 2.0 · 104,
b2 = 3.0 · 104; a2 = 6.0 · 105, b2 = 7.0 · 105; a2 = 2.0 · 105, b2 = 3.0 · 105. The compliance parameters
for the mildly weakened interface are ﬁxed as follows: a1 = 2.0 · 105, b1 = 3.0 · 105. Moreover, the Weibull0
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Fig. 10. The present predicted elastoplastic stress–strain responses of PRDMCs under uniaxial tension at the four-phase composite state
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q ¼ 0:45. The predicted stress–strain responses of PRDMCs with severely weakened interfaces under uniaxial
tension with various values of a2 and b2 are shown in Fig. 10. It is seen from the ﬁgure that the eﬀect of the
severely weakened interface on the elastoplastic stress–strain behavior of the composites become more notice-
able as a2 and b2 become higher.
7. Experimental comparison
To assess the predictive capability of the proposed elastoplastic multi-level damage model, the present pre-
diction is compared with the experimental data on SiC particulate-reinforced 5456 aluminum alloy matrix
composites reported by Papazian and Adler (1990). We adopt the material properties of the composites as fol-
lows (Papazian and Adler, 1990; Bonfoh and Lipinski, 2007): E0 = 73 GPa, m0 = 0.33, E1 = 485 GPa, m1 = 0.2,
/ = 0.2, ry = 230 MPa. Since the model parameters of the proposed model were not reported by Papazian and
Adler (1990), the model parameters are estimated by ﬁtting the experimentally obtained stress–strain curve
(Papazian and Adler, 1990) with the prediction. The ﬁtted model parameters are: a1 = 2.0 · 105,
b1 = 3.0 · 105, a2 = 2.0, b2 = 3.0; h = 1,350 MPa and q ¼ 0:24; S0 = 530 MPa, M = 5. Fig. 11 shows the
comparison between the present prediction and the experimental data on the overall elastoplastic stress–strain
response of the composites at the ﬁve-phase composite state on the based of the above material properties and
parameters. Overall, the present prediction and the experimental data match well. The predicted evolution of
volume fractions of particles corresponding to Fig. 11 is shown in Fig. 12.
8. Concluding remarks
An elastoplastic multi-level damage model considering evolutionary weakened interface to predict the eﬀec-
tive elastoplastic behavior and multi-level damage evolution in particle reinforced ductile matrix composites
(PRDMCs) has been presented. The Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened inter-
face (Qu, 1993a,b) is adopted to model particles having mildly or severely weakened interface, and a multi-
level damage model (Lee and Pyo, in press) in accordance with the Weibull’s probabilistic function is0
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Fig. 11. The comparison between the present prediction and experimental data (Papazian and Adler, 1990) for overall uniaxial tensile
responses of SiC particulate-reinforced 5456 aluminum alloy matrix composites.
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chanical elastoplastic damage model is applied to the uniaxial, biaxial and triaxial tension loadings to predict
the corresponding elastoplastic stress–strain responses. A series of parametric analysis are carried out to inves-
tigate the inﬂuence of model parameters on the elastoplastic behavior and progression of weakened interface
in the composites. Furthermore, the present prediction is compared with available experimental data in the
literature to verify the proposed elastoplastic multi-level damage model. The observations and ﬁndings of this
numerical study can be summarized as:
(1) The elastoplastic stress–strain responses corresponding to various phase composite states are bounded
by the responses of the two- and ﬁve-phase composite states. The higher phase composite states are
lower than those with the lower phase composite states.
(2) A smooth and gradual transition from the perfectly bonded interface to the perfectly debonded interface
occurswithin the present framework, resulting in anonlinear stress–strain responsewithin the elastic range.
(3) The inﬂuence of the Weibull parameters S0 and M and the compliance parameters a and b on the elas-
toplastic response and progression of weakened interface in the composites is shown to be signiﬁcant.
(4) Most particles are mildly weakened, severely weakened or completely debonded in their interfaces even
in early stage of loading with the lower S0. As the values of the compliance parameters a2 and b2 become
higher, the eﬀect of the severely weakened interface on the elastoplastic stress–strain behavior of the
composites is more pronounced.
(5) The predicted elastoplastic stress–strain behavior of PRDMCs is shown to have a very good correlation
with the experimental data (Papazian and Adler, 1990).
It should be noted that particles having diﬀerent levels of weakened interface (diﬀerent levels of homoge-
neously distributed interfacial damage), giving rise to isotropic behavior, under general loading conditions are
a certainly modeling assumption made in this framework. However, as deformations proceed under a uniaxial
or biaxial loading, the composites progressively become transversely isotropic after evolutionary partial inter-
facial debonding as stated in Ju and Lee (2001). This issue is beyond the scope of the present work; neverthe-
less, it should be subject of future research for more accurate prediction of particulate composites behavior.
1630 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 45 (2008) 1614–1631It is obvious that the probabilities of perfectly bonded particles transforming to mildly weakened particles
or mildly weakened particles transforming to severely weakened particles are dependent upon the two Weibull
parameters S0 and M and the internal stress of those particles. For simplicity, the internal stress of perfectly
bonded particles has been considered as the controlling factor of the Weibull statistical function for the ini-
tiation of various stages of weakened interface of the multi-phase composite state in the present study. The
above assumption would, however, tend to lead to a slight overestimation of the volume fraction of particles
that have reached Levels 2 and 3.
In a forthcoming paper, the internal stress ofweakened particles (Phase 2 or 3) will be chosen as the controlling
factors of the Weibull statistical function and corresponding appropriate values of the Weibull parameters will
also be chosen for more realistic prediction of weakened interface evolution in the multi-phase composites.
Moreover, a characterization test on PRDMCs needs to be conducted for the calibration of the model
parameters of the proposed model. As an extension of the present study, the proposed elastoplastic multi-level
damage model will be implemented into a ﬁnite element code to solve boundary value problems of particulate
ductile matrix composites.
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Appendix
Parameters x1,. . ., x4 and w1, . . . ,w4 in Eqs. (20) and (21) and v1,. . ., v4 in Eqs. (32) and (33)x1 ¼ 15ð1 m0Þ l1k0  l0k1ðl1  l0Þf3ðk1  k0Þ þ 2ðl1  l0Þg
þ 5m0  1 ð58Þ
x2 ¼ 1200að1 m0Þ2 l2k0  l0k2ðl2  l0Þf3ðk2  k0Þ þ 2ðl2  l0Þg
þ v1 ð59Þ
x3 ¼ 1200að1 m0Þ2 l3k0  l0k3ðl3  l0Þf3ðk3  k0Þ þ 2ðl3  l0Þg
þ v3 ð60Þ
x4 ¼ 5m0  1 ð61Þ
w1 ¼
ð7 5m0Þl0 þ ð8 10m0Þl1
2ðl1  l0Þ
ð62Þ
w2 ¼ 600að1 m0Þ2
l0
l2  l0
þ v2 ð63Þ
w3 ¼ 600að1 m0Þ2
l0
l3  l0
þ v4 ð64Þ
w4 ¼
5m0  7
2
ð65Þwithv1 ¼ ð80þ 480m0  400m20Þaþ 500ð1 2m0Þ2k0b1 þ ð98þ 140m0  50m20Þl0a1
þ ð268 1240m0 þ 1300m20Þl0b1 ð66Þ
v2 ¼ ð320 720m0 þ 400m20Þaþ l0ð3a1 þ 2b1Þð7 5m0Þ2 ð67Þ
v3 ¼ ð80þ 480m0  400m20Þaþ 500ð1 2m0Þ2k0b2 þ ð98þ 140m0  50m20Þl0a2
þ ð268 1240m0 þ 1300m20Þl0b2 ð68Þ
v4 ¼ ð320 720m0 þ 400m20Þaþ l0ð3a2 þ 2b2Þð7 5m0Þ2: ð69Þ
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